Local pseudopotential (LPP) is an important component of the orbital free density functional theory (OF-DFT), which is a promising large scale simulation method that can still maintain information of electron state in materials. Up to date, LPP is usually extracted from the solid state DFT calculations. It is unclear how to assess its transferability while applying to a much different chemical environment. Here we reveal a fundamental relation between the first principles normconserving PP (NCPP) and the LPP. Using the optimized effective potential method developed for exchange functional, we demonstrate that the LPP can be constructed optimally from the NCPP for a large number of elements. Our theory also reveals that the existence of an LPP is intrinsic to the elements, irrespective to the parameters used for the construction. Our method provides a unified method in constructing and assessing LPP in the framework of first principles pseudopotentials.
I. INTRODUCTION
In recent years, orbital-free density functional theory (OF-DFT)
1,2 has attracted increasing interests due to its capability of simulating thousands to millions of atoms. [3] [4] [5] [6] [7] [8] [9] [10] Comparing with other large scale simulation methods, OF-DFT maintains the electronic structure information and is potentially applicable for systems undergo large chemical changes. However, OF-DFT has not become a mainstream method for large-scale simulation, due to the lack of both an accurate kinetic energy density functionals (KEDFs) and local pseudopotentials (LPPs) that are highly transferable in different chemical environments. The recently developed nonlocal kinetic energy functional showed promising results for both metals and semiconductors. 11, 12 On the other hand, it is still unclear how to proceed in systematically constructing transferable LPPs. Although several families of empirical LPPs are already available, [13] [14] [15] [16] [17] [18] [19] [20] [21] most of them are constructed to fit the solid state DFT results and only work for a small variation of chemical environment.
One important concept in developing first principles pseudopotentials is the norm-conserving (NC) condition, 
in which n NCPP i (r) and n AE i (r) represent the orbital densities of NC pseudopotential and all-electron solutions, and i is the angular momentum number. This condition requires the pseudo-charge enclosed within the core radius for each orbital must be identical to that of allelectron results and therefore ensures the transferability since it conserve the change of wavefunctions versus energy:
in which R(r, ε) is the radial wavefunction of angular momentum l. The thus constructed NCPPs are different for different angular momentum channels (orbitals) and therefore are non-local. Apparently, the NCPPs can not be used in OF-DFT calculations since the electrons in an orbital free scheme should feel the same potential. It is a long time question whether LPPs can be constructed while still satisfying the NC condition. Here, we try to tackle this problem by altering it into the following question: how can we optimally construct LPPs that are orbital independent from the NCPPs that are orbital dependent. We would like to point out the similarity between constructing LPPs and obtaining the local exchange functional from its explicit Hartree-Fock form. As defined in Hartree-Forck method, the exact exchange energy is the functional of single particle wave functions, i.e.
(3) For systems without spin-orbit interaction, spin freedom is trivial to add and therefore is omitted throughout the paper. The corresponding exchange potential is non-local and orbital dependent. 
Afterwards, a method that construct the optimal local exchange potential variationally from the explicit orbital expression of the exchange energy was established and applied for many cases.
25-27
This optimized effective potential (OEP) method can be transformed into an Algebraic equation,
It can be simplified to an algebraic Krieger-Li-Iafrate construction(KLI) 25 by neglecting the second term − 1 |φi(r)| 2 ∇ · (ψ * i (r)∇φ i (r)). The Slater potential is the first and the major term of it. It is worth to notice that OEP can be derived directly from the fact that the OEP orbitals are the first order shifts of the HF orbitals while conserving the charge density.
28,29
We will show in this paper that the same idea of optimally constructing local and orbital-independent exchange potentials from the exact orbital dependent exchange potential can be used to construct local pseudopotentials. The essential issue is the conservation of the NC condition, which as shown by our work, can be satisfied for large number of elements in the periodic table. We will also show that while NC condition is preserved, the Slater potential will be identical to KLI potential, which is an excellent approximation of the exact OEP of the NC pseudopotentials. On the other hand, our work also reveals that the transferable LPPs can not be constructed for many elements, despite whichever scheme is used. Rather, as we demonstrated, the existence of a highly transferable LPP is an intrinsic property of an element.
II. OPTIMIZED EFFECTIVE PSEUDOPOTENTIAL
We assume first principles NC pseudopotentials v i (r) for an atom, which are different to each angular momentum channel. Correspondingly, the total ion-electron interaction energy can be written as
The expected local pseudopotential should reproduce the above total energy for different electron configurations of an atom except a constant shift. Such local potential can be calculated by taking a density derivative of E i−e , i.e.
v(r) = δE i−e /δn(r).
Applying the OEP scheme and the KLI approximation originally developed for HF exchange potentials, one can obtain the corresponding KLI equation 25, 26 as:
where the quantities with a bar above them are the orbital averages of the potentials, v(r) and v i (r), i.e.
, and the summation of i goes through all the angular momentum channels. Again, the spin freedom is not considered and the spin index is omitted here. The first term is the long range Slater averaged potential, v Slater and the second term is a short range correction. The derivation is similar to that of KLI equation for local exchange potential.
25,26
It relies on the fact that the wavefunctions of local NC pseudopotential are the first order perturbation of the wavefunctions of semi-local NC pseudopotential.
The above KLI construction will change the potential outside the core because of the non-Slater term. This is undesirable because the pseudopotentials outside the core should be identical to the true ionic potential. One possible solution is to construct KLI potential only inside the core and keep the original ionic potential outside the core. However, the resulted potential will be discontinuous at the core boundary. On the other hand, it is not hard to notice that the Slater potential that is the first and the major term of KLI potential does not change the potential outside the core region. This is because the first principles NC pseudopotentials outside the core are identical for different channels, and the Slater average is a density average of all angular momentum channel.
The further consideration to the above problem relies on the relation between the NC condition and the OEP and KLI equations, which will be examined here. Denoting the orbital densities calculated from local pseudopotential and first principles NC pseudopotential as n LPP i (r) and n NCPP i (r), the preservation of NC condition requires
where Ω denotes the space inside the core radius. Considering that the change of the potential will make a first order perturbation to the wavefunctions, one can prove the following relation for the potentials if the NC condition Eqn.11 is satisfied (see Appendix A for proof),
Eqn.12 can also be written asv i −v i i = 0. It suggests that if the NC condition is retained during the construction of local pseudopotential, the second term of the KLI potential will become zero, indicating that the Slater potential is identical to KLI potential. KLI potential is an approximation of exact OEP potential by neglecting a term involving the diversity of orbital change.
i ∇ · (ψ * i (r)∇φ i (r)), in whichψ i = ψ i − φ i and ψ i and φ i are the wavefunctions of the original NC pseudopotentials and the constructed local pseudopotentials. This simplification can be interpreted as a meanfield approximation, since the neglected terms averaged over the ground state density ρ(r) is zero, or equally the integration of the neglected term over space vanish, i.e.
If the construction of local pseudopotential retains the NC condition, this integral should be 0 for each individual orbital.
While the NC condition Eqn.11 is satisfied, the local pseudopotential will generate pseudo-wavefunctions that are identical to the wavefunctions of all electron potentials and the NC pseudopotentials outside the core region, which meansψ i and ∇ψ i should be exactly 0 at the core boundary and in the region out of the core. Therefore, we have shown that an optimized local pseudopotential can be constructed by taking the Slater average of the NC pseudopotentials if and only if the NC condition is kept during the construction. If the NC condition can be retained, the local Slater averaged pseudopotential is identical to the KLI potential of the semi-local NC pseudopotentials, which is very close to the exact OEP.
III. CALCULATION DETAILS
The FHI98 code 30 is modified to generate and test the proposed pseudopotentials. For comparison, the TM-NCPP 23 potentials are also generated by using FHI98 code. The details of LPP construction for a set of 27 elements, including the atomic configuration, the cutoff radius etc. are listed in Table S1 . In order to improve the transferability, the nonlinear core-valence exchangecorrelation 31 is included for some of the elements. The OEPP cutoff radii are adjusted to minimize the values of δ l , δ ρ and δ E l (the definition of these quantities is given below ). The Kleinman-Bylander 32 form of pseudopotentials are used in solid calculations and we truncates the angular momentum at l max = 2.
The structural relaxations and bulk property calculations were carried out using KS-DFT as implemented in the CASTEP code. 33 Both local density approximation (LDA) 34 exchange-correlation functionals and generalized gradient approximation (GGA) in PerdewBurke-Ernzerhof (PBE) 35 form are used for exchangecorrelation functionals. The appropriate energy cutoff and Monkhorst-Pack k meshes were chosen to ensure that enthalpy calculations for each system were well converged to less then 0.5meV/atom. A Fermi-Dirac smearing with a width of 0.1 eV is used for all metal systems.
OF-DFT test calculations are carried out using our recently developed ATLAS software, 36 which is based on an efficient real space finite-difference method. We employ the Wang-Govind-Cater KEDF 37 with the parameters: γ = 2.7, α = (5 + √ 5)/6 and β = (5 − √ 5)/6. These parameters have been demonstrated to work well for Mg and Al systems. 21, 37 In finite-difference OF-DFT calculations, the order of finite-difference (N ) and the real space mesh gap h (determine the max plane-wave cutoff energy E cut in the reciprocal space E cut = π 2 /2h 2 ) should be tested for different systems. In our calculations for Mg and Al systems, both energies converge to less than 0.1meV/atom, while setting N = 4 and h = 0.2Å.
IV. TEST RESULTS

A. Atom level
In order to check whether a local NC pseudopotential can be constructed for various elements, we define
3 r as a measurement of the deviation from NC condition for the Slater averaged pseudopotential. According to Eqns. (11) and (12), if δ l = 0 then the NC condition is retained. Furthermore, if δ l is small, the changes of the orbitals are also small. δ l estimates the energy changes for each orbital, i.e. ε LPP i − ε NCPP i ≈ δ l , therefore they are good measures for the accuracy of LPPs.
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In the current work, we are going to focus on main group elements that only contain s and p electrons in their valence. For some p-block elements such as Ga and In, the d levels are close to the valence. Although they are completely filled, they may have effects to chemical bonds, and are included in the valence in many first principles pseudopotential constructions. However, the omission of them in the valence usually will not yield errors that exceeds the use of OF-DFT and the local pseudopotentials. Therefore, we keep the d electrons in the core for all s and p elements.
In the sp systems, we need to use only one parameter because δ 0 = −δ 1 (NC deviation value). Figure 1 shows δ 0 for elements from Li to Br. The Slater potentials are constructed from four kinds of NC pseudopotentials including BHS, 39 Kerker, 40 Vanderbilt 41 and TM. 23 In general, δ 0 becomes smaller with increasing atomic number. However, for the atoms in the same row in periodic table, the higher the atomic number, the smaller the δ 0 value. For most of the elements, δ 0 does not depend on the type of pseudopotentials except the noble gas atoms. This indicates the capability of constructing LPP is intrinsic to elements and do not depend on the method of construction.
Although OEPP is constructed directly from NCPP through the Slater average, we still have freedoms while constructing the NCPPs, which we can utilize to optimize the performance of OEPP. These include the choice of the atomic configuration, the core radius, the use of nonlinear core correction (NLCC) 31 etc. Furthermore, since the Slater average might change the atomic orbital energies of the NCPP, we do not need to keep the all electron orbital energies as the NCPP energies during its construction. Thus, we are free to adjust the original atomic orbital energies in NCPP construction in order to optimize OEPP. We choose Ga as an example to show the effect of above settings and adjustments on the improvement of OEPP accuracy. The testing results are shown in Table I , including the eigenvalue of each orbital ǫ s and ǫ p , the pseudo-atom total energy E tot , the integrated densities of s and p orbitals inside the core radii (ρ c s and ρ c p ), and the differences of integrated total density inside core radii for NLPP and OEPP (δ ρ ). For these values, the smaller the differences between OEPP and the corresponding NCPP, the more accurate the OEPP is. As shown in Table I , we find for elements like Ga that has very small δ 0 , OEPP works well. It reproduces the total energy and the orbital energies at the constructed atomic configurations. The variation of the constructing configuration and the other parameters such as cutoff radii does not significantly affect its accuracy.
Furthermore, we examine the transferability of the OEPPs by calculating the orbital energies and the total energies of atomic configurations other than the one at which the NCPP and OEPP are constructed. The results of selected elements including Mg. Ga and Sb are shown in Table II . The configurations that pseudopotentials are constructed are shown in the first row for each element. The total energies are referred to the the ground-state energies obtained by the same pseudopotential. The results are also compared with the bulk-derived local pseudopotentials (BLPS).
42 As shown in Table II , we find that both OEPP and BLPS work fairly well for Mg and Ga. In contrast, OEPP orbital energies and total energies show large improvements than BLPS for Sb. Our test results reveal that the transferability of OEPPs are better than BLPS for the elements later then Ga.
We extend our study to other elements in the periodic table. In general, we find OEPP works well for large number of elements including almost all s-block elements and many p-block elements. For many of them, for example Mg, the accuracy and transferability of OEPP is as good as NCPP. The important features of OEPP and its corresponding NCPP for a number of elements are listed and compared in Table S1 . The OEPP features are also compared with available BLPS in Table S2 . As shown in these tables, the performance of OEPP and BLPS are in general similar, showing Slater average as a favorable method of constructing LPP directly from electronic structure of atoms. Furthermore, OEPP outperforms BLPS in many cases, especially for elements later than In.
An important point elucidated by the OEPP construction and test calculations is that the existence of LPP is intrinsic to an element. Despite the use of different parameters, atomic configurations and types of NCPPs, the resulting LPPs do not perform well for certain elements if the NC condition is not preserved. We can use the deviation from the NC condition, i.e. δ ρ = Ω |n OEPP (r) − n NCPP (r) |d 3 r of an element as a good measure for the possibility of constructing LPP with high transferability. This condition is weaker than the NC condition, which require the preservation of charge density inside the cutoff radius for each angular momentum channel. Therefore this condition is necessary but not sufficient. We also find δ ρ is not very sensitive to different construction of NCPPs. We present them as a color map in the periodic table (Fig. 2) . For those elements colored in purple, the LPPs with high transferability might be constructed. The elements for which LPPs are difficult to construct include second row elements, all transition metals, f-block metals and some late p-block elements. δ ρ values for transition metals and rare earth metals actually go beyond the largest value in the range and are therefore fixed at 3. An immediate question is why OEPP can work for many elements, considering the large change of the potentials in each angular momentum channel after making the Slater average. We present the wavefunctions, the total densities and the potentials obtained by using NCPP and LPP in Fig. 3 for Mg and As. It shows clearly that despite the large variation of the potential, the wavefunctions of NCPP and OEPP are almost identical. This is the direct result of the fact that the pseudowavefunctions are constructed under many constrains, including nodeless, identical to full electron wavefunction out of core region and the norm-conserving condition. While comparing with the BLPS, we find a large difference between the two LPPs especially for the region that is close to the nucleus.
B. Bulk properties
We now test the accuracy of OEPPs in real materials. Using Mg and GaAs as examples, we first calculate the band structures. Despite the very different way of construction, the OEPP and BLPS yield very similar band structures for both Mg (Fig.4) and GaAs (Fig. 5) . The results also compare well with the NCPP band structures, indicating the good accuracy of both LPPs. The OEPP bands are closer to BLPS than to NCPP results, although both local pseudopotentials are constructed by totally different methods.
Next, we test the bulk properties of selected elemental solids and binary compounds. For each material, we first optimize its geometry at 0 GPa. After that, the vol-umes of the cells are changed from 0.95 V 0 to 1.05 V 0 , and the calculated total energies at each volume is fitted by Birch-Murnaghan 3rd order EOS 43 to yield the bulk modulus. The energies as function of volumes are shown in Figs. 6 and 7 for Mg in hexagonal-close-packing (HCP) structure and GaAs in Zinc Blende (ZB) structure. The calculated cohesive energies for many elemental solids or the enthalpy of formations for a number of binary compounds are shown in Tables III and IV, together As shown in Fig. 6 and Fig. 7 , both OEPP equilibrium volume and its dependence on the pressure deviates from the NCPP results. Similar to band structure, the OEPP EOS for Mg is close to that of BLPS. However, while the volume is scaled by the equilibrium volume (V /V 0 ), and the energy is aligned at the minimum point (E − E 0 ), the scaled EOS calculated from NCPP, OEPP and BLPS are very close and almost overlap, for both Mg and GaAs.
As shown in Table III , the OEPP cohesive energies of s block elements, such as Li, Mg, Na etc, are generally lower than the NCPP results. In contrast, for p block elements, the OEPP results are higher in comparison with the NCPP results. There is no clear trend for the equilibrium volume, but the OEPP results are generally lower than the NCPP results, and they compares better for s block elements than p block elements. The available BLPS equilibrium volumes are closer to the NCPP volumes than OEPP; however, the BLPS potentials are constructed by fitting the bulk properties. Similar trend can be found for bulk modulus.
For binary compounds, as shown in Table IV OEPP results generally compare better with the NCPP results than for elemental solids. Furthermore, the available BLPS results are often worse than OEPP. This might be caused by the fact that the BLPS potentials are constructed for the elemental solids of which the chemical environment is very different. On the other hand, the construction of the OEPP can maximize the transferability.
In order to test the OEPP in the OF-DFT scheme, we also performed OFDFT calculations for Mg and Al crystals. The bulk properties of Mg and Al in four different structures, including simple cubic (SC), body-centeredcubic (BCC), face-centered-cubic (FCC) and hexagonalclosed-packed (HCP) structures are calculated using both LDA and PBE-GGA exchange correlation functionals and presented in Table V . As shown in the table, the difference between KS and OF-DFT is less significant than that between the OEPP and NCPP. However, only local pseudopotentials such as OEPP can be used in the OF-DFT calculations. Although the absolute values of OEPP show considerable discrepancy comparing with NCPP results, both KS-DFT and OF-DFT using OEPP reproduce the correct order for equilibrium volume, cohesive energy and bulk modulus of Mg and Al in different structures. The errors caused by use of local pseudopotentials are systematic. This indicates that OF-DFT using OEPP can be used for large scale simulation involving large number of structural configurations. III: KS-DFT+OEPP predictions of the bulk properties for a number of elements, including the equilibrium volume (V0), the bulk modulus (B0), the equilibrium total energy (E0) and the cohesive energy Ec. LDA exchange-correlation function is used.
System
Structures PPs In summary, we proposed a systematic scheme of constructing local pseudopotentials directly from the electronic structure of atoms. This scheme is based on the optimized effective potential method and is found to be successful in generating local pseudopotnetials for large number of elements, with the accuracy and transferability close to the first principles pseudopotentials. For most of the elements in s and p-block except the second row, the LPP can be constructed and the test on real materials show that they can yield properties comparable to the empirical local pseudopotentials that are subtracted from the density functional calculations of the solid.
The test results for atoms and bulk materials also show that once the OEPP works well for the elements, it can also work well for the compounds formed by these elements. For many other elements, OEPP may yield large errors. In principle, the bulk properties can be restored by adjusting the construction parameters or adding corrections to the OEPP. However, it usually leads to local pseudopotentials that only work well at the chemical condition that it is fitted. Our practice reveals that the existence of a valid local pseudopotential with high transferability is an intrinsic property of the element. 
It iw worth to notice the analogy between the NC condition and the OEP method. For OEP, the total density is conserved at each point in the real space while in NC condition the integration of the density for each orbital inside the core sphere is conserved. In both cases, the shifts of the orbitals are first order. Denoting the orbitals of local and semi-local NC pseudopotentials as ϕ i (r) and ψ i (r), and their differences asψ i (r), the NC condition can be rewritten as:
Assuming that the changes from semi-local pseudopotential to the local pseudopotential is a perturbation, the changes of the wavefunctionψ i (r) can be expressed through first order perturbation as:
(A3) Rewriting NC condition, The first two terms should be exactly 0 while the NC condition is satisfied because the local pseudopotential will now produces wavefunctions that identical to the wavefunctions of all electron potential as well as the NC pseudopotentials 
